Introduction
The theory of almost paracontact structures on Riemannian manifolds was introduced by Sato [11, 12] . Since then, many authors contributed to the study of almost paracontact metric manifolds and their submanifolds. Specifically, several authors studied antiinvariant, semiinvariant, and almost semiinvariant submanifolds of para-Sasakian manifolds [3, 4, 5, 6, 8, 9] . However, it is known that [18] in a submanifold of a para-Sasakian manifold, if the structure vector field of the ambient manifold is tangent to the submanifold, then the submanifold cannot admit an antiinvariant distribution orthogonal to the structure vector field (see also [13] ). Knowing the fact that in these submanifolds, the structure vector field of the ambient manifold is taken to be tangent to submanifolds, in this paper we study ξ ⊥ -submanifolds of para-Sasakian manifolds, where the ξ ⊥ -submanifolds are perpendicular to the structure vector field of the ambient manifold.
The paper is organized as follows. Section 2 is devoted to preliminaries. In Section 3, some fundamental formulas concerning ξ ⊥ -submanifolds of almost paracontact metric manifolds and para-Sasakian manifolds have been presented. In Section 4, we give the definition of the almost semiinvariant ξ ⊥ -submanifold of an almost paracontact metric manifold along with some examples. Section 5 contains some characterizations of almost semiinvariant ξ ⊥ -submanifolds and semiinvariant ξ ⊥ -submanifolds. In Section 6, we define a para-CRstructure and prove that an almost semiinvariant ξ ⊥ -submanifold of a normal almost paracontact metric (and * Correspondence: sperktas@adiyaman.edu.tr 2010 AMS Mathematics Subject Classification: 53C15, 53C25, 53C40.
hence also para-Sasakian) manifold with proper invariant distribution always possesses a para-CR-structure. A counterexample is also given. In Section 7, integrability conditions for certain natural distributions on almost semiinvariant ξ ⊥ -submanifolds are obtained. In Section 8, we investigate certain parallel operators on submanifolds.
Preliminaries
Let M be an almost paracontact metric manifold [11] equipped with an almost paracontact metric structure (φ, ξ, η, g); that is, φ is a (1, 1) tensor field, ξ is a vector field, η is a 1 -form, and g is an associated Riemannian metric such that
for all X, Y ∈ T M . An almost paracontact metric structure is known to be a para-Sasakian structure if [10, 12] (
where ∇ is the Riemannian connection on M , and we say that M is a para-Sasakian manifold.
Let M be a submanifold of a Riemannian manifold M with a Riemannian metric g . Then Gauss and Weingarten formulae are given respectively by 6) where ∇ , ∇ and ∇ ⊥ are the Riemannian, induced Riemannian, and induced normal connections in M , M and the normal bundle T ⊥ M of M , respectively, and σ is the second fundamental form related to A by
Let M be a submanifold of an almost paracontact metric manifold
We put
and then
where 
3)
Consequently,
ker F = ker (tF ) = ker
Proof For X ∈ T M , in φ 2 X = X , using (2.8) and (2.9), we get
from which we get (3.1) and (3.2). Similarly, using (2.8) and (2.9), in
which implies (3.3) and (3.4). The remaining part is straightforward. 2
Proof Using (2.4), (2.8) , and η(Y ) = 0 in (2.10) and equating tangential and normal parts in the resulting equation, we get (3.9) and (3.10), respectively. Similarly, using (2.4) and (2.9) in (2.11) and equating tangential and normal parts, we get (3.11) and (3.12), respectively. Lastly, (3.13) and (3.14) follow from (3.9) and (3.10), respectively. 2
for any X, Y ∈ T M , where H is the mean curvature vector.
Proof From (2.4) it follows that
Using (3.19), (2.8), and η(X) = 0 in (2.5), we get
Equating tangential and normal parts in the above equation we get (3.15) and (3.16), respectively. In view of (2.3) 2 , (2.7), and (3.15), it follows that
which gives (3.17) . If {e 1 , . . . , e n }, n = dim M , is a local orthonormal frame field, then in view of (3.17) one gets
, which gives (3.18). In view of (3.18), we have the following:
In view of (3.15), we have the following: 
Almost semiinvariant ξ ⊥ -submanifolds
therefore follows that (P 2 ) x is symmetric on T x M . Hence, its eigenvalues are real and it is diagonalizable. If
which implies that µ(x) ≥ 0. On the other hand, from (2.2) for all Z ∈ T M , we get ∥φZ∥ ≤ ∥Z∥ and therefore
Since decomposition of φX given by (2.8) is orthogonal, µ(x) is bounded by 0 and 1 . At every point x ∈ M , we may set
is an eigenvalue of (P 2 ) x . Since (P 2 ) x is symmetric and diagonalizable, there is some integer q such that λ
of the mutually orthogonal P -invariant eigenspaces. Note that
Thus, D Now we define an almost semiinvariant ξ ⊥ -submanifold of an almost paracontact metric manifold, which is analogous to the definition of an almost semiinvariant ξ ⊥ -submanifold of an almost contact metric manifold [16] .
In view of condition (2) in Definition 4.1 we can define P -invariant mutually orthogonal distributions
Moreover, in view of [7] these distributions are differentiable.
If k = 0 in Definition 4.1, then it follows that P is an f (3, −1)-structure [14] on M and hence
x and k = 1 with and λ 2 1 (x) is constant, then M may be said to be a θ -slant submanifold with the slant angle cos θ = λ 1 .
Example 4.2 We consider the Euclidean space R
9 and denote its points by 
where for x ∈ M one has λ(x) = cos ν(x). 
and θ = cos −1 λ is the slant angle of the distribution D λ .
Some characterizations
Like the operator P 2 , the operators tF, F t , and f 2 are also symmetric and their eigenvalues are bounded by 0 and 1 . Let
. Thus, for an ξ ⊥ -submanifold M of an almost paracontact metric manifold M , the following 2 statements are equivalent:
In view of the above discussion we immediately have the following: 
Then X (resp. N ) is an eigenvector of P 2 (resp. f 2 | {ξ} ⊥ ) corresponding to an eigenvalue λ 2 (x) if and only if X (resp. N ) is an eigenvector of tF (resp. F t| {ξ} ⊥ ) corresponding to the eigenvalue 1 − λ 2 (x) . Consequently, 
eigenvalues of tF (resp. F t| {ξ} ⊥ ) with
Now we give the following characterization of semiinvariant ξ ⊥ -submanifolds.
Proposition 5.3 M is a semiinvariant ξ ⊥ -submanifold of an almost paracontact metric manifold if and only if one of the following equivalent conditions holds.
(
P tf = 0, (10) P 3 − P = 0,
Proof The equivalence of statements (1) and (2) is obvious. The equivalence of statements (3)- (22) can also be easily verified. Now we show the equivalence of statements (1) 
and (3). Since ker(F
Analogous to the definition of CR-structure, we now define a para-CR-structure.
Definition 6.1 A differentiable manifold M is said to admit a para-CR-structure if there is a differentiable distribution D and a (1, 1) tensor field P on M such that for all X, Y ∈ D
A manifold equipped with a para-CR-structure is called a para-CR-manifold. Proof Since M is normal, for X, Y ∈ D 1 we get P 2 X = X and, in view of [φ, φ] = 2dη ⊗ ξ , we have
from which it follows that
and hence (D 1 , P ) is a para-CR-structure on M . 2
Theorem 6.3 An almost semiinvariant ξ ⊥ -submanifold of a para-Sasakian manifold with nontrivial invariant distribution is a para-CR-manifold.
Proof Since every para-Sasakian manifold is normal [17] , by Theorem 6.2, the proof is immediate. 2
From Theorem 6.2, it is obvious that normality of M is a sufficient condition for an almost semiinvariant ξ ⊥ -submanifold with nontrivial invariant distribution to carry a para-CR-structure. However, this is not necessary, and now we construct an example of a semiinvariant ξ ⊥ -submanifold M of an almost paracontact metric manifold M such that M is a para-CR-manifold and M is not normal. 
forms an orthonormal basis. As the point x varies in R 5 the above set of equations defines 5 vector fields also denoted by (E j ). Now we define a vector field ξ by ξ ≡ ∂/∂x 5 , a 1 -form η by η ≡ dx 5 , and a (1, 1) tensor
Then (φ, ξ, η, g) define an almost paracontact metric structure on R 5 . Since
the almost paracontact structure is not normal. The submanifold 
Integrability of distributions
or equivalently
Proof First we note that
, in view of (2.7), (7.2), (3.9), and (3.5), we have
On the other hand, in view of ker P = D 0 and (3.13), the distribution D 0 is integrable if and only if
which in view of (7.3) completes the proof. 2
In the following theorem necessary and sufficient conditions for D 1 to be integrable have been obtained. 4) or equivalently, T M, N ∈D 1 in view of (3.10), (3.4) , and (3.7), we obtain
Theorem 7.2 If M is an almost semiinvariant ξ ⊥ -submanifold of a para-Sasakian manifold, then D 1 is integrable if and only if
In view of F (T M ) =D 0 ⊕D λ1 ⊕ · · · ⊕D λ k and (7.7), it follows that (7.4) and (7.5) 
Proof Using equivalence of Z ∈ D 1 ⊕ D 0 and P Z ∈ D 1 in (3.13) and taking into account equation (7. 
Proof (1) D is integrable,
whereD is the direct sum of the corresponding subfamily
Proof
The proof follows from (3.13), (3.14) , and the equivalence of Z ∈ D λi to P Z ∈ D λi along with
Theorem 7.6
For an almost semiinvariant ξ ⊥ -submanifold of a para-Sasakian manifold, the following statements are equivalent: 
Proof Using the equivalence of Z ∈ D 0 ⊕ D λi and P Z ∈ D λi and (7.3) in (3.13), we get (1) ⇔ (2). 2
Certain parallel operators
In this section we investigate certain parallel operators on ξ ⊥ -submanifolds of almost paracontact metric manifolds and para-Sasakian manifolds.
Analogous to Definition 8. In a smooth manifold M , an almost product Riemannian structure consists of a (1, 1) tensor P and an associated Riemannian metric g such that P 2 = I and g(P X, P Y ) = g(X, Y ) for all vector fields X and Y on M . Moreover, if P is covariantly constant with respect to the Levi-Civita connection, then (M, P ) is said to be a locally Riemannian product manifold [20] . Proof Since F is zero for an invariant ξ ⊥ -submanifold, from (3.9) it follows that ∇P = 0 . Thus, P provides a locally Riemannian product structure on M . The remaining part follows from (3.12). 2
